A fully analytical theory is developed to derive the field diffracted by an infinitely long circular cylinder made of an arbitrary anisotropic homogeneous material, illuminated by an arbitrary plane wave.
INTRODUCTION
The problem of diffraction of a plane wave by an infinitely long circular cylinder made of optically isotropic material was resolved more than a century ago in terms of Bessel functions. 1 However, only recently have studies of diffraction by cylinders composed of anisotropic materials appeared in the scientific literature. Reference 1 deals with a cylinder made of a uniaxial material with the optic and cylindrical axes coinciding and illuminated under incidence perpendicular to the axis. In this case, the cylinder diffracts light as if it were isotropic with two different permittivity values ⑀ ʈ and ⑀ Ќ , depending on the polarization of the incident light, respectively, parallel or perpendicular to the cylindrical axis.
For more general anisotropy, the analysis becomes much more difficult. Several works deal with gyrotropic or uniaxial media where the optic axis does not coincide with the cylindrical axis. 2, 3 In particular, Ref.
3 presents a detailed analysis in the case when the optic axis is perpendicular to the cylindrical axis. The approach presents an extension to conical (out-of-cross-section plane) incidence of the two-dimensional spectral approach, developed in Ref. 2 . It will serve as a reference to validate the results presented in this paper.
As far as we know, there is no known solution of the problem of diffraction by a cylinder characterized by an arbitrary complex permittivity tensor ⑀ ញ. In a recent paper 4 we developed a theory of diffraction by a homogeneous arbitrary anisotropic sphere, based on the general expression of the field inside a general anisotropic material, 5 developed in terms of plane waves. Here we apply a similar approach in cylindrical coordinates, which are well adapted to applying the boundary conditions on the cylinder surface. However, the invariance of the object along its axis makes a big difference when compared with a sphere.
PRESENTATION OF THE PROBLEM
We consider an infinitely long circular cylinder with axis Oz and radius R. Figure 1 represents its truncated part.
The exterior is a homogeneous isotropic medium with absolute permittivity ⑀ ext . An incident plane wave with unit amplitude and with wave vector k inc propagates in the direction r inc = k inc / ͉k inc ͉, defined by the angles inc ͓0,͔ and inc ͓0,2͔. Its polarization vector ê inc can be arbitrary oriented in the plane transverse to k inc . The interior of the cylinder is filled with an arbitrary (lossy or lossless) anisotropic homogeneous material, characterized by the relative permittivity tensor,
in which no symmetry relation is assumed a priori. We only notice that the homogeneity of the material implies the independence of the components of ⑀ ញ with respect to the Cartesian coordinates. By introducing the transformation matrix R, which links Cartesian to cylindrical coordinates, the expression of the permittivity tensor in cylindrical coordinates is given by the relation
where T stands for transpose. If the circumflex denotes the unit vectors, the transformation matrix components are given by the scalar products between the basis vectors ͕x , ŷ , ẑ ͖ and ͕ , , ẑ ͖:
Since the cylindrical coordinate system is orthogonal, it is not necessary to distinguish between covariant and contravariant tensorial components and thus they will be denoted by subscripts. It is worth noting that while ⑀ ij are independent of x , y , z, they depend on through Eq. (3).
Because of the invariance of the diffraction problem with respect to the z coordinate, the z dependence of the scattered field is determined by the z dependence of the incident field, 6 given by exp͑ik inc,z z͒ with
EXPRESSION OF THE FIELD INSIDE A HOMOGENEOUS ANISOTROPIC MEDIUM
Let us at first find the form of a single plane wave propagating inside a homogeneous anisotropic material, expressed in cylindrical coordinates, and presenting a z dependence given by Eq. (4).
A. Propagation Equation
In an anisotropic medium, the Maxwell equations lead to the following propagation equation:
where k 0 is the vacuum wavenumber. Because of the homogeneity of the medium, in each point defined by its radius vector r we look for solutions in the form of a plane wave with a wave vector k:
The solution of the diffraction problem will be found as a superposition of such plane waves.
Recalling that curl͓A exp͑ik · r͔͒ = ik ϫ A exp͑ik · r͒, Eq. (5) leads to
By using a tensorial product of two vectors, we construct a tensor ͑kk͒ whose ͑i , j͒ component is equal to k i k j , and then Eq. (7) can be written in the form
where k = ͉k͉ = ͓Tr͑kk͔͒ 1/2 and I is the unit matrix. To have a nontrivial solution of Eq. (8) , it is necessary to fulfill the following condition:
This equation determines the wavenumbers k of the plane waves propagating in a given direction in a homogeneous anisotropic medium. Then Eq. (8) gives the proper vectors of polarization for each plane wave. It is interesting to point out that k represents a nonlinear eigenvalue of the tensor ͓͑kk͒ + k 0 2 ⑀ 5͔.
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B. Finding the Wavenumbers
Equations (8) and (9) are valid in any coordinate system. The determination of the wavenumbers k is especially easy in spherical coordinates, since there the tensor ͑kk͒ has a single nonnull component. 5 In principle, it should be possible to use these values, obtained for each direction of propagation ͑ , ͒; however, this would give different values of k z . We need to fix this as long as the z dependence of the field is equal to the z dependence of the incident field [Eq. (4)]. We are thus obliged to solve Eqs. (8) and (9) in cylindrical coordinates. To this aim, we fix the angle of propagation in the Oxy plane and we state that the vertical component k z of the unknown wave vector k is equal to k inc,z . The components of k can be expressed using the unknown angle of propagation with respect to the z axis. Denoting its tangent as t ͑t = tg͒, we obtain
Thus the tensor ͑kk͒ takes the form
and Eq. (9) is written as The case when the incident wave propagates in the Oxy plane needs a special treatment. With k z = 0 (and thus k = k), Eq. (9) is simplified to
which is a biquadratic equation with respect to k. This equation has four solutions k j , j = 1 , . . . 4, having, in couples, opposite signs. The opposite signs correspond to waves propagating in opposite directions, so that it is necessary to preserve only a single representative (say, k 1 and k 2 ) of each couple, say the one with positive real parts.
C. Finding the Polarization Vectors
Once the wavenumbers k 1 and k 2 are chosen, Eq. (8) could be used to obtain the polarization vectors A 1 and A 2 . This could easily be done when we notice that A 1 is the eigenvector of the matrix k 1 2 I − ͑k 1 k 1 ͒ − k 0 2 ⑀ 5, corresponding to the zero eigenvalue of this matrix, which exists due to Eq. (9). The same applies for A 2 when k = k 2 is chosen. In the case when
, has a single zero eigenvalue (see Appendix A), so that the choice of the corresponding vector A j is unique. If k 1 = k 2 , the matrices k j 2 I − ͑k j k j ͒ − k 0 2 ⑀ 5 for j = 1 and j = 2 are identical, they have a double zero eigenvalue, and there are two vectors, which could be chosen linearly independent (i.e., mutually orthogonal). This points out that in the degenerated case (corresponding to an isotropic medium or a uniaxial medium when the ordinary and the extraordinary waves propagate along the optic axis) the two independent polarizations of the electric field vector are mutually orthogonal (and orthogonal to k) and can be arbitrarily chosen in the plane perpendicular to k. In the general case, the two vectors A 1 and A 2 are uniquely determined (each within a multiplicative constant) and could be nonorthogonal. Appendix B provides a direct analytical method to determine the components of the eigenvectors.
As long as each eigenvector is determined within a constant, we introduce normalized polarization vectors ⌫ j , j =1,2, and electric field amplitudes Ã j such that
D. General Form of the Field inside the Anisotropic Material
The electric field at an arbitrary point M in space having radius vector r OM can be expressed as a superposition of plane waves propagating in all possible directions. Each direction of propagation is characterized by a couple of wavenumbers k 1 and k 2 , directions of polarization ⌫ 1 and ⌫ 2 , and amplitudes Ã 1 and Ã 2 . However, when k z = k inc,z is fixed, the possible directions are characterized by the angle of propagation in the Oxy plane. Figure 2 presents a schematic view of the point M with its coordinates and the scattered field wave vector k, represented in local coordinates (xЈ, yЈ, zЈ) . In what follows we skip the k z dependence of the wave characteristics. The superposition with respect to contains two values of k for each :
where k j ͑͒ = k j, ͑͒ + k z ẑ . During numerical treatment, the integration along is replaced by a discrete sum over from 1 to N with taking N discrete values:
As a result, it is necessary to make the following substitutions:
FOURIER-BESSEL EXPANSION OF THE FIELD A. Field inside the Isotropic Medium
Outside the cylinder the field consists of an incident plane wave and scattered (diffracted) field. We assume an incident field with a unit amplitude and polarization vector ê inc ; the electric field of the incident wave has the form
The 2 periodicity with respect to OM allows us to represent the vectorial components of the total field by a Fourier series:
Recalling the Fourier-Bessel expansion,
where J n are the Bessel functions, the field expansion of the incident wave can be written in the form 
where inc is the angle between the x axis and the projection of k inc onto the Oxy plane. Let us consider the z components of the electric and magnetic fields. As long as e inc,z is independent of the position of M, Eq. (20) gives
A similar expression is obtained for the magnetic field
The scattered field has a quite similar form, obtained from Eqs. (21) and (22) by substituting the Bessel functions with Hankel functions H n + , which represent a field propagating toward → ϱ, and replacing the known incident amplitudes with unknown amplitudes B e,n and B h,n , so that the Fourier components of the total field become
where the z dependence given by the factor exp͑ik z z OM ͒ is omitted. The Maxwell equations written in cylindrical coordinates allow us to derive E and H :
which leads to
͑28͒
These formulas will be used in Section 5 to apply the boundary conditions on the cylinder surface, keeping in mind the z-dependence term exp͑ik z z OM ͒.
B. Field Inside the Cylinder
Making use of Eq. (19), the field in Eq. (15), after discretization of the integral, takes the form
where the z dependence is omitted. Thus the cylindrical components of E depend on the polarization vectors ⌫ j, . While each ⌫ j, is expressed in the coordinate set ͑ , , ẑ ͒, it is necessary to obtain its projections onto the local set ͑ OM , OM , ẑ ͒, linked with the point M. We obtain
Projecting Eq. (29) onto OM , using Eq. (30), and introducing the coefficients,
the first component of E takes the form
͑36͒
Changing n into n − 1 in the first sum and into n + 1 in the second sum and using the relations between Bessel functions J n−1 ͑͒ + J n+1 ͑͒ =2nJ n ͑͒ / and J n−1 ͑͒ − J n+1 ͑͒ =2J n Ј͑͒, one obtains for the nth Fourier components of E
͑37͒
In a similar way, by putting Eq. (31) into Eq. (29), the nth Fourier component of E can be obtained:
͑38͒
while finding E z,n is straightforward:
We recall that the z dependence given by the factor exp͑ik z z OM ͒ is omitted in Eqs. (29)-(39). However, this dependence is required to calculate the components of H using the Maxwell equations, which provide the following links:
Substituting Eqs. 
A similar procedure applied to Eq. (40) by using Eqs. (37) and (39) gives
BOUNDARY CONDITIONS
The continuity of the components of E and H tangential to the cylinder surface results in the continuity of each of their Fourier components:
Equations (44)- (47) are valid for each n. Numerical treatment requires truncation in n, say from −N to +N. This will limit the number of equations to 4͑2N +1͒, and the number of unknown scattered amplitudes in the external medium B e,n and B h,n will become equal to 2͑2N +1͒. In addition, the number of unknowns inside the cylinder Ã j, is equal to 2N . To obtain a Cramer set, it is necessary to chose a discretization in depending on N such that N =2N + 1, i.e., that the number of the unknown field components inside and outside are equal. With this condition applied, all the field amplitudes can be found by solving a linear algebraic set, i.e., by a single matrix inversion. It is worth noticing that the Fourier components of the field outside the cylinder are coupled through the field inside the cylinder, as long as Ã j, are identical for each n. If the cylinder consists of optically uniaxial material with the optic axis parallel to the geometrical axis, this coupling disappears, as discussed in Section 6.
UNIAXIAL MATERIAL
When the cylinder consists of a material having uniaxial anisotropy with the optic axis parallel to the cylinder axis, the permitivitty tensor takes a simple diagonal form:
and each direction of propagation is characterized by two wavenumbers 9 :
corresponding to the so-called ordinary and extraordinary wave, respectively. They form two surfaces in the k space, a sphere (with radius equal to k 0 ͱ ⑀ x ) for the ordinary wave and an ellipsoid of revolution (around the k z axis) for the extraordinary wave, which ellipsoid has an axis equal to k 0 ͱ ⑀ z along k and k 0 ͱ ⑀ x along k z (Fig. 3) . The wavenumber k 1 of the ordinary wave does not depend on the direction of propagation, and its polarization vector is perpendicular to the direction of propagation and to the optical axis 4, 9 :
The wavenumber and polarization vector of the extraordinary wave depend on the polar angle , but are independent of . For each value of k z , there are two possible directions of propagation, as can be observed in Fig. 3 , except for the cases when k z = 0 and k z = k 0 ͱ ⑀ x . It can be shown that, using Eq. (34) of Ref. 4 ,
͑51͒
As can be observed, ⌫ 2, Ќ , which can be expected by taking into account Eqs. (50). If, instead of k 1 / k 0 and k 2 / k 0 in Eqs. (49), we take the ratio r / of the distance from the origin and the wavelength, these equations represent two surfaces in the direct space of the coordinates, a sphere and an ellipsoid of revolution, identical to the surfaces in the k space. These surfaces in the direct space are called index surfaces and it can be shown that the polarization vectors are tangential to them, as represented schematically in Fig. 3 . Taking all this into consideration, it is possible to significantly simplify the form of the wave expansion inside the uniaxial material and thus to simplify the boundary conditions. We observe, at first, that Eqs. (33)-(35) become
As long as the arguments of Bessel functions participating in the field expansion inside the cylinder, Eqs.
(37)-(39), (42), and (43), do not depend on , it is possible to extract them from the sum over and to introduce new amplitudes, which are proportional to the nth Fourier components of the field amplitudes Ã j, with respect to OM : A o,n
In addition, using Eqs. (51), one obtains the following links:
In isotropic materials this means that the polarization of the electric field is transverse to the direction of propagation. Using these new amplitudes, the boundary conditions are simplified to give
These equations are uncoupled with respect to n, so that for each value of n it is necessary to solve only a system of four equations. They have a form quite similar to the isotropic case, which can be obtained by taking into account that ⑀ x = ⑀ z and thus k 2 = k 1 . However, in both uniaxial or isotropic cases, if the incidence lies outside of the crosssection plane (i.e., k z 0), the fundamental cases of polarization (indices e and h) remain coupled. If, in addition, the incident wave vector is perpendicular to the z axis, the fundamental polarizations are decoupled and diffract independently in both uniaxial or isotropic cases. This fact can be observed by imposing k z =0 in Eqs. (59)-(62) and using k inc, = k inc , k 1, = k 1 , and k 2, = k 2 :
A e,n inc J n ͑k inc R͒ + B e,n H n + ͑k inc R͒ = A e,n ͑1͒ J n ͑k 2 R͒, ͑63͒
In that case the set reduces to the well-known equation published in Ref. (44)- (47) are rather simplified when k z = 0, the fact that the polarization vectors depend on will couple the h and the e amplitudes outside the cylinder through the amplitudes Ã j, inside it.
NUMERICAL APPLICATIONS
As a first validation test of the theory, we have chosen one of the rare cases found in the literature that represents numerical examples available for comparison. This is the case treated by Monzon 3 and it concerns conical diffraction of a plane wave (wavelength = 2) on an uniaxially anisotropic circular cylinder, having a radius R = 1 and optical axis along Ox, perpendicular to the symmetry axis Oz. The nonnull components of the relative permittivity tensor are ⑀ xx = 4.87526 and ⑀ yy = ⑀ zz = 5.29, and the external medium is vacuum. The direction of the incident wave vector (Fig. 1) is defined by inc = 90°and inc = 30°. The incident polarization is perpendicular to the z axis, ê inc Ќ ẑ , and the amplitude of the magnetic field vector is normalized to unity ͉H A parameter important in numerical applications is the convergence rate with respect to the truncation value of N. Figure 5 represents H as a function of N and shows that is sufficient to take N = 9 to obtain correct results. The convergence rate is a little slower than for the isotropic case, but this could be explained by the gap in the components of the relative permittivity tensor ⑀ xx and ⑀ yy ͑=⑀ zz ͒. In fact, the convergence is determined by both the optical contrast between the external medium and the cylinder and by the difference between the components of the permittivity tensor. This is illustrated in Figs. 6 and 7. When keeping the same value of ⑀ xx and increasing four times the other two components, ⑀ yy = ⑀ zz = 21.16, the convergence rate reduces and it is necessary to use N as high as 22 to obtain relevant results (Fig. 6) . When reducing the difference between ⑀ xx ͑=20.74526͒ and ⑀ yy ͑=⑀ zz = 21.16͒, the convergence rate improves (Fig. 7) and approaches the convergence rate of the case given in Fig. 5 , even when keeping a very high optical contrast between the external and the internal media.
In the last example, we demonstrate the possibility of the method to analyze a biaxial anisotropy, when all three diagonal components of the permittivity tensor are different. Figure 8 represents the DCSs (calculated with N = 20) for a biaxial anisotropic case with ⑀ xx =2, ⑀ yy = 2.25, and ⑀ zz = 2.5, compared with an isotropic medium ͑⑀ = 2.25͒. The corresponding convergence test for H ͑270°͒ is shown in Fig. 9 . When compared with Fig. 5 , one observes that the convergence rate is almost the same as for a uniaxial cylinder. Fig. 4 . DCS of the magnetic ͑ H ͒ and the electric ͑ E ͒ fields for a circular cylinder with R = 1 having Oz as symmetry axis and filled with an uniaxial anisotropic medium with ⑀ xx = 4.87526 and ⑀ yy = ⑀ zz = 5.29, and ⑀ ext = 1, compared with DCSs of an isotropic circular cylinder with ⑀ = 5.29 ͑R =1͒. The incident plane-wave parameters are =2, inc = 90°, and inc = 30°, and the polarization is perpendicular to the z axis. Solid curves, anisotropic case; dotted curves, isotropic case. 
